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Framework

Linear Regression Model

Linear Regression model:
Y =X8+e¢,

X is a fixed design, [n x p]
e Y is a n random vector
e [ is a p vector of unknown parameters

€ are the errors, e € R™.

Usual assumptions:
e the errors are i.i.d.
e E(¢) =0 and Var(e) = 021,
e Sometimes, e ~ N (0,0%1,)
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Framework

Least Square Estimator

B = argmingers ||Y — XB|5 = (X'X) ' X'Y.
Y = Xf3: Orthogonal Projection of Y on Mx = Vect{X 1,...X p}
e E(B) = and Cov(f) = o%(X'X)~!
e Residual vector: é=Y - Y =Y — X ¢ Mx

A2
° 6'2 — H€H2
n—p

Distribution of the LSE:
- Gaussian Case: 3 ~ N (8,02(X!X)™1)
- Non-Gaussian Case: D(n)(3 — ) %) N(0,0%2Q71).
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Framework

Goals and Plan

Main Goal : Remove the independence hypothesis and find results
similar to the i.i.d. case.
Plan :

@ Hannan's Theorem (1973) [4]: convergence of the LSE in the
stationary case under very mild conditions

@ Show that for a large class of designs, the asymptotic covariance
matrix is as simple as the i.i.d. case

© Estimation of the covariance matrix

@ Applications with Fisher's tests.
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Framework

Stationarity

Let (2, F,P) be a probability space. (¢;);cz is an error process defined
on (Q, F,P), supposed strictly stationary, with zero mean, and ¢y € L2

Definition : Strict Stationarity

A stochastic process (€;)icz is said to be strictly stationary if the joint
distributions of (e, ..., €. ) and (€4 +h,- - -, €, +1) are the same for all
positive integers k and for all ¢1,...,tx, h € Z.
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Framework

Spectral density

Autocovariance function:
’y(k) = COV(Emy €m+k) = E(6m6m+k)-

Let f be the associated spectral density, A € [—m, 7|

2w = | " (AN,

—T
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Hannan's theorem and Regular Design

Hannan's condition on the error process

Stationary case: Hannan (1973) — Central Limit Theorem for the usual
LSE S, under very mild conditions.

) VJ €Zand VZ € LQ(Q) PJ(Z) = E(Z|]:J) — E(Z|./—"]_1)

@ Hannan’s condition on the error process:

> I Po(e)lle < +oo.

1€Z

This implies: Y, |v(k)| < +oc.
e Examples which verify Hannan's condition:

- Linear Processes, functions of linear processes (Dedecker, Merlevede,
Véliny (2007) [2])

- Conditions a la Gordin ([2])

- Framework of Wu (Wu (2005) [5])

- Weakly dependent sequences (Dedecker-Prieur (2004) [3],
Caron-Dede (2017) [1])
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Hannan's theorem and Regular Design

Hannan's conditions on the design

@ Let X ; be the column j of the matrix X, j € {1,...,p}:

n
2
Z Tigs
=1

and let D(n) be the diagonal matrix with diagonal term d;(n).
e Conditions on the design:

dj(n) = 1X ;ll, =

vie{l,...,p}, lim d;(n) = oo,

n—oo
. . SUDi<i<n [¥i,j
vie{l,...,p}, hml—l;n‘”lz(),
n—oo dj(n)
and the following limits exist:
n—~k
Tm,j Tm+k,l

Vile{l,...,p} (k) = lim S i Tmikl
J { p} p]l( ) nﬁoonl:l d](’n,)dl(’ﬂ)
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Hannan's theorem and Regular Design

We define the p x p matrix R(k):
RO = [psa(B)] = [ e P(@),

—T

where Fly is the spectral measure associated with the matrix R(k).

Moreover, we suppose:
R(0) > 0.
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Hannan's theorem and Regular Design

Theorem (Hannan (1973) [4])

Under the previous conditions:

D(n)(8 — B) —=— N(0,F"'GFY),

n— oo

and we have the convergence of second order moment:

E (D(m)(8 - B)(B— ) D(n)') ——» F'GF ",

n—oo

with F and G the matrices:

1 s
== Fx (d)\
277/_77 (dN),

c=L [ Fe@ne o).

2 J_,
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Hannan's theorem and Regular Design

Regular design

Definition (Regular design)

A fixed design X is called regular if, for any j,1 in {1,...,p}, the
coefficients p; (k) do not depend on k.

Interest:

e the asymptotic covariance matrix is easy to compute and similar to
the i.i.d. case

e Not restrictive class (for instance Regularly varying sequence).
Applications with Time Series.
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Hannan's theorem and Regular Design

Corollary

Under the assumptions of Hannan's Theorem, if moreover the design X
is regular, then:

D()(B - B) —£— N (o, ( S v(k)> R<o>-1> ,

k=—o00

and we have the convergence of the second order moment:

E (D(n)(8 - B)(B - B)'D(n)!) —— ( > v(k)> R(0)™.
k=—o0

For the i.i.d. case: D(n)(f — f3) % N(0,02Q71).

n o0
Thus, to obtain confidence regions and tests for 3, we need an estimator
of 3702 oo (k).
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Estimation of the series of covariances

Spectral density estimate

Since f(0) =2 > v(k), we need an estimator of the spectral
density.
Let us first consider a preliminary random function:

1 K[ o ika
fn<)\) = g |k<le (n) Y€ B AE [_7(',7'('],

with:
n—|k|

R 1
= > a0k < (n—1),
j=1

K is the kernel:
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Estimation of the series of covariances

In our context, (ei)ie{l,m’n} is not observed. Only the residuals are
available:

because only the data Y and the design X are observed. Consequently,
we consider the following estimator:

)=t 3 K('k) PN P a——

\k\<n 1

where:
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Estimation of the series of covariances

Consistence

Theorem (Caron-Dede (2017), submitted)

Let ¢,, be a sequence of positive integers such that ¢, — oo as n tends
to infinity, and:

e E (\60\2 (1 A e )) — .

n—o0

Then, under the assumptions of Hannan's Theorem:

sup  [|fn(A) = f(M)llps —=0.
AE[—m,7] w=E2

If g € L?, then there exists ¢, — oo such that
E (|60|2 (1 A s |60|2)) ——— 0 holds.
n— oo
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Estimation of the series of covariances

Corollary

Corollary
Under the assumptions of Hannan's Theorem, if the design X is regular
and if f(0) > 0, then:

R(0)2 A c
TJ(O)D(H)@ -B) — N(0, 1),

where I, is the p X p identity matrix.

Consequently, we can obtain confidence regions and tests for 3 in this
dependent context.
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Example: An autore

Tests and Simulations

Fisher Test

If the errors are i.i.d. Gaussian, the test statistic is:

1 RSSy — RSS
X ) .
P —Do O¢

e pg is the dimension of the model under the Hy-hypothesis
e RSS = H€||§ (for the complete model)
e RSSy is the corresponding quantity under Hy

~2 _ RSS
e 0l = nep
Under Hy:

L p—po
F~FL

Emmanuel Caron
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Example: An autoregressive process

Tests and Simulations

If the error process (¢;);ez is stationary, the usual Fischer tests can be
corrected by replacing the estimator of 02 = E(e2) by an estimator of:

Zk v(k):
1 RSSy — RSS

X )
P — Do 27 f(0)

where fr(\) = 5= 3 j<p1 K (Lﬂ) Aret®A . Thanks to the previous

results:

F. =

20,
oL X (p po)_
n—oo p — pO
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Example: An autoregressive process

Tests and Simulations

In practice, only a finite number of (k) is estimated. For the
simulations, to choose this number (called a,,) we shall use the graph of
the empirical autocovariance of the residuals.

Hence:

1 RSSy — RSS
X 2% An 2% °
p—po A +2D 00k

F. =
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Example: An autoregressive process

Tests and Simulations

Example: An autoregressive process

The process (€1, ..., €,) is simulated, according to the AR(1) equation:

1
€ht1 = §(€k + NMhet1)-

e ¢ is uniformly distributed over [—1, 1]

e (1;);>2 is a sequence of i.i.d. random variables, independent of ¢,
such that P(n; = —3) =P(n; = 3) = 3

e Hannan's conditions are satisfied and the Fisher tests can be
corrected.
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Example: An autoregressive process

Tests and Simulations

Model simulated:

Y; = Bo + Vi + Balog(i) + 10e;, Vie {1,..,n}

- Hy: By = P2 =0 against Hy: B1 #0or B2 #0

- ﬁo p— 3

- Under Hj, the same Fisher test is carried out 2000 times. Then we
look at the estimated level of the test for different choices of n and
an. (we want an estimated level close to 5%).
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Example: An autoregressive process
Tests and Simulations

e Case 81 = 2 =0 and a,, = 0 (no correction):

n 500 1000 | 2000 | 3000 | 4000 | 5000
Estimated level | 0.4435 | 0.4415 | 0.427 | 0.3925 | 0.397 | 0.4075

If a,, = 0, the estimated levels are too large. The test reject the null
hypothesis too often.
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Example: An autoregressive process

Tests and Simulations

As suggested by the graph of the estimated autocovariances, the choice
an = 4 should give a better result for the estimated level.
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Figure : Empirical autocovariances, n = 2000.
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Example: An autoregressive process
Tests and Simulations

e Case 51 =2 =0, a, = 4

n 500 | 1000 | 2000 | 3000 | 4000 | 5000
Estimated level | 0.106 | 0.1 | 0.078 | 0.072 | 0.077 | 0.068

- an = 4 works well. For a,, = 4 and n = 5000, the estimated level is
around 0.07

- If n.= 10000, it is around 5%. Asymptotically, it converges to 0.05.
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Example: An autoregressive process
Tests and Simulations

Then, under Hy, we study the estimated power of the test:

e Case 1 =0, B =0.2, a,, = 4:

n 500 1000 | 2000 3000 | 4000 | 5000
Estimated power | 0.2505 | 0.317 | 0.4965 | 0.6005 | 0.725 | 0.801

The estimated power increases with the size of the samples, and it is
around 0.8 as soon as n = 5000.
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Example: An autoregressive process

Tests and Simulations

Perspectives

e To generalize these results in case where the design X is random
e To develop a data driven criterion for the coefficient a,,

e Package R for the applications of these results
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Example: An autoregressive process

Tests and Simulations

Thank you for your attention !
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Tests and Simulations
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Tests and Simulations
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